Proposition 14.32 (Invariant Formula for the Exterior Derivative). Let M be a

h Inserting these formulas into the i = p and j = p terms, we obtain
smooth manifold with or without boundary, and @ € Q~ (M). For any smooth vector

fields Xy..... Xis1 on M. HXasoes f X Xierr)
=f1[(X1 ..... Xp ..... Xk+1)
do(Xy,.... Xi+1) + 3 =P o (Xp X Ky K Xig)
= Y DX X X)) Pl L
I<i<k+1 + O (=P X No(Xp, X1 X X Xe).
i+j ST o i<p
+ Y EDHo(Xn X)) Xi X X Xe), (14.29)

Rearranging the arguments in these two sums so as to put X, into its original po-
sition, we see that they exactly cancel the sum in (14.30). This completes the proof
that D is multilinear over C*° (M), so it defines a smooth (k + 1)-tensor field.
Since both Dw and dw are smooth tensor fields, we can verify the equation
Proof. For this proof, let us denote the entire expression on the right-hand side D@ = d inany frame that is convenient. By multilinearity, it suffices to show that

. : both sides give the same result when applied to an arbitrary sequence of basis vectors
f (14.29) by Dw(Xj...., X , and the two sums th ht-hand side by . e N X . . .
of ( ) by Do (X, k+1), and the two sums on the right-hand side by in some chosen local frame in a neighborhood of each point. The computations are

greatly simplified by working in a coordinate frame, for which all the Lie brackets
vanish. Thus, let (U, (x7)) be an arbitrary smooth chart on M. Because both dw
and Dw depend linearly on , we may assume that @ = u dx’ for some smooth
function u and some increasing multi-index / = (iy,..., ix), so

1<i<j<k+1

where the hats indicate omitted arguments.

I(Xy,..., Xk+1) and 11 (Xy,..., Xi+1), respectively. Note that Dw is obviously
multilinear over R. We begin by showing that, like dw, it is actually multilinear
over C®°(M), whichis tosay thatfor 1 < p <k + l and f € C®(M),

ad
do =dundx! = E ld\ Adx'.
In the expansion of I(Xy,..., fXp..... Xk+1), f obviously factors out of the

i = p term. The other terms expand as follows: IfJ =, Jk+1) is any multi-index of length k + 1, it follows that
i - 9 du
i=1y. R mI
S =D (fo (X X Xep) do (—ale ..... \Ml ) Z Pl
i#p
i1 — The only terms in this sum that can possibly be nonzero are those for which m is
= Z(_l) (in (X1, Xioooo Xk+1)) equal to one of the indices in J, say m = = Jp- In this case, it is easy to check that
i#p 8”" =(- l)"'lb] where .1 = (j1.---. j,, ..... Jk+1), SO
+(Xi fo(Xr... XKoo X)) 2 2 ou
) ( : —)= > =t —=st. (14.31)
dx/1 OxJk+1 dxir I’
Therefore, l=psk+1

On the other hand, because all the Lie brackets are zero, we have

D ( d ] )
=fIX1..o Xpo oo Xe) + (DN (X o (Xa Xi,ooo Xe1) axit T gxdea -
i (1430) =Y (—1)1’-12”% (ud,\" (W"“()\L]’ ..... a\/%))
Consider next the expansion of /7. Again, f factors out of all the terms in which 1<p<k+1 )
i # pand j # p. To expand the other terms, we use (8.11), which implies _ Z (=1)P-! 3:{ s
1<poh 1 axJr JIp

[fXp. Xl = f[Xp. X;] = (X; ) Xp.

which agrees with (14.31). O
[Xi. fXp]l = f[Xi. Xp] + (Xi f)Xp.
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